In this paper, we describe some recent results obtained in the context of vector subdivision schemes which possess the so-called full rank property. Such kind of schemes, in particular those which have an interpolatory nature, are connected to matrix refinable functions generating orthogonal multiresolution analyses for the space of vector-valued signals. Corresponding multichannel (matrix) wavelets can be defined and their construction in terms of a very efficient scheme is given. Some examples illustrate the nature of these matrix scaling functions/wavelets.
Introduction
This paper deals with the construction of the proper "wavelet" tools for the analysis of functions which are vector-valued. Such type of functions arises naturally in many applications where the data to be processed are samples of vector-valued functions, even in several variables (e.g. electroencephalographic measurements, seismic waves, color images).
Up to now, most signal processing methods handle vector valued data component by component and thus ignore the possible relationship between several of the components. In reality, on the other hand, such measurements are usually related and thus should be processed as "complete" vectors. While it is obvious that for vector valued signals a standard scalar wavelet analysis does not take into account the correlations among components, even an approach based on the well known multiwavelets, introduced in [7] , [12] and widely studied (see [8] and the exhaustive references therein), is only apparently justified by the "vectorization" step required in order to apply them. Indeed, multiwavelets still generate multiresolution analyses for the space of scalar-valued functions.
In [13] , [14] matrix wavelets have been proposed for the analysis of matrix valued signals while in [1] the concept of multichannel wavelet (MCW) and multichannel multiresolution analysis (MCMRA) have been introduced for processing vector-valued data. Actually, the two concepts look very similar: the crucial point of both is the existence of a matrix refinable function, which satisfies the so-called full rank condition. However, on one hand, the matrix analysis scheme proposed in [13] , [14] coincides with the applications of a fixed number of MCW schemes, on the other hand, only a very special characterization of filters is proposed, which gives rise to interpolatory orthonormal matrix refinable functions. Thanks to this special structure, the corresponding wavelet filters are easily found as in the scalar situation. Nevertheless, in [13] , [14] the authors do not provide either any constructive strategy nor any example. Some examples of 2 × 2 matrix wavelets are derived in [15] , but they strongly rely on the sufficient condition for convergence described in [13] , and belong again to a very special class. In passing, we also mention reference [6] since, in spite of the title, it actually contains examples of wavelet filters specifically designed for vector-fields.
In some recent papers [2] , [3] , [4] we investigated full rank interpolatory schemes and showed their connection to matrix refinable functions and multichannel wavelets. In particular we proved that there is a connection between cardinal and orthogonal matrix refinable functions which is based on the spectral factorization of the (positive definite) symbol related to the cardinal function, thus, as a by-product, giving a concrete way to obtain orthogonal matrix scaling functions. The corresponding multichannel wavelets, whose existence is proved in [1] , can be found in terms of a symbol which satisfies matrix quadrature mirror filter equations.
In this paper, we show how the solution of matrix quadrature mirror filter equations can be found. In particular we give an efficient and constructive scheme which makes use again of spectral factorization techniques and of a matrix completion algorithm based on the resolution of generalized Bezout identities.
The paper is organized as follows. In Section 2 all the needed notation and definitions are set. Some introductory results on full rank vector subdivision schemes are also presented and their connection to orthogonal full rank refinable functions is shown. In Section 3, the concepts of MCMRA and MCW are revised while their orthogonal counterparts are considered next in Section 4. Section 5 deals with the construction of multichannel wavelets and an explicit algorithm for such construction is presented. In Section 6, starting from some interpolatory full rank positive definite symbols, the associated multichannel wavelets with two and three channels are constructed and shown. Some conclusions are derived in Section 7.
Notation and basic facts on vector subdivision schemes
For r, s ∈ N we write a matrix A ∈ R r×s as A = (a jk : j = 1, . . . , r, k = 1, . . . , s) and denote by r×s (Z) the space of all r × s-matrix valued bi-infinite sequences, A = (A j ∈ R r×s : j ∈ Z). For notational simplicity we write r (Z) for r×1 (Z) and (Z) for 1 (Z) and denote vector sequences by lowercase letters. By r×s 2 (Z) we denote the space of all sequences which have finite 2 norm defined as
where |·| 2 denotes the 2 operator norm for r × s matrices. Moreover, L r×s 2 (R) will denote the Banach space of all r × s-matrix valued functions on R with components in L 2 (R) and norm
For a matrix function and a matrix sequence of suitable sizes we introduce the convolution " * " defined as,
For two matrix functions F , G ∈ L r×s 2 (R), their inner product is defined as
and we have
Let now A be a matrix sequence A = (A j ∈ R r×r : j ∈ Z) ∈ r×r (Z). Let c be any bi-infinite vector sequence c = (c j ∈ R r : j ∈ Z). The vector subdivision operator S A , based on the matrix mask A, acts on c by means of
A vector subdivision scheme consists of iterative applications of a vector subdivision operator starting from an initial vector sequence c ∈ r (Z), namely:
where the mean value operator at level n ∈ N is defined as
The matrix-valued function F associated in such a way with a convergent subdivision scheme is called the basic limit function and it is refinable with respect to A, that is
The symbol of a subdivision scheme S A or of the mask A is defined as:
and the subsymbols, A ε (z) = j∈Z A ε+2j z j , z ∈ C\{0}, ε ∈ {0, 1}, are related to the symbol by
Next, we define the two r × r matrices
and their joint 1-eigenspace
The rank of the mask A or of the subdivision scheme S A is the number iii) the scheme preserves all vector constant data, i.e whenever c j = d, j ∈ Z,
iv) the basic limit function F is a partition of the identity, i.e.
A full rank vector subdivision scheme is interpolatory if it is characterized by the property
or, equivalently,
Its associated basic limit function, whenever it exists, turns out to be cardinal, i.e.,
The connection between interpolatory and full rank subdivision schemes is expressed by the following result [2]:
Proposition 2. An interpolatory subdivision scheme with symbol A(z) is of full rank if and only if A(1) = 2I.
Multichannel multiresolution analysis and multichannel wavelets
As in the scalar situation, a multichannel multiresolution analysis (MCMRA) in the space L r 2 (R) of square integrable vector valued functions can be defined b a nested sequence
with the properties that 1. they are shift invariant
2. they are scaled versions of each other
4. the space V 0 is generated by the integer translates of r function vectors, that is there exist
Thus, any h ∈ V 0 can be written as h = F * c = k∈Z
. . , r. Thus, the matrix-valued function
satisfies the matrix refinement equation
where
Z is the refinement mask. Now, since the subdivision scheme S A applied to the initial sequence δI converges to a matrix function with r stable columns it follows that E A = R r so that
i.e. A(1) = 2I, A(−1) = 0, which is the full rank property of the mask A.
The "joint stability" condition (5) on the function vectors f j , j = 1, . . . , r, implies that the function F is stable in the sense that there exist two constants
Summarizing the described properties, the following important result holds true:
In analogy to the scalar case, we call F matrix scaling function.
Orthogonal multichannel multiresolution analysis
For many application purposes, orthogonal MCMRAs are the most interesting. They are are equivalently characterized by the following properties:
1. the space V 0 is generated by orthonormal integer translates of the function vectors f j , j = 1, . . . , r;
2. the matrix scaling function F is orthonormal that is
The key for the construction of orthonormal matrix scaling functions (and the associated multichannel wavelets) is their connection with interpolatory vector subdivision schemes, as established in the following Theorem where the canonical spectral factor A(z) of a positive definite interpolatory full rank symbol C(z) is the symbol satisfying C(z) = [2] Let C(z) be the symbol of an interpolatory full rank vector subdivision scheme. Let C(z) be symmetric strictly positive definite for all z = −1 such that |z| = 1. Then the canonical spectral factor A(z) of C(z) defines a subdivision scheme S A which converges in L r×r 2 (R) to an orthonormal matrix scaling function F .
As to the construction of such function, in [2] a simple procedure is given based on a modified spectral factorization of the parahermitian matrix 2C(z), which takes into account the presence of some of its zeros on the unitary circle.
We can now associate a matrix wavelet to any orthogonal MCMRA in the standard way. A matrix function G ∈ V 1 is called a multichannel wavelet for the orthogonal MCMRA if:
As to the existence of multichannel wavelets, we recall the following result: Theorem 3. [1] Suppose that the matrix scaling function F ∈ L r×r 2 (R) has orthonormal integer translates. Then there exists an orthonormal wavelet G ∈ L r×r 2 (R) satisfying the two-scale relation
for a suitable mask B = (B j : j ∈ Z).
Observe that, as in the scalar case, due to the full rank properties of F , the symbol of the multichannel wavelet G must possess at least one factor (z − 1). This is equivalent to say that the multichannel wavelet has at least one vanishing moment.
It is easy to show that the symbols of an orthonormal matrix function F and of the corresponding multichannel wavelet G satisfy the orthogonality (quadrature mirror filter (QMF)) conditions
where A (z) := A T (z −1 ) which means A (z) := A H (z) whenever |z| = 1. The QMF can be written in a concise form by the condition U (z)U (z) = I on the block matrix
, where U (z) := 1 2
(which is the condition of being an unitary matrix for |z| = 1). Note that, given an orthogonal symbol A(z), the alternating flip trick, used to construct the wavelet symbol in the scalar case, does not work in this context. Indeed, the symbol B(z) = zA (−z) does not verify the QMF equations unless A(z) and A(−z) commute.
On the other hand, the orthogonality conditions can be written in terms of the subsymbols A 0 (z), A 1 (z) and B 0 (z), B 1 (z). In fact, from (4) we see that the matrix V (z)
is such that V (z)V (z) = 2I. Thus, the QMF equations take the equivalent form
Suppose now that we are given an orthogonal MCMRA generated by some orthonormal matrix scaling function F , with G as the corresponding multichannel wavelet. Let us consider any vector-valued function h ∈ L r 2 (R). From the nesting properties of the spaces {V j } and {W j }, it follows that the approximation P h of h in the space V , ∈ Z, can be found in terms of the following multichannel wavelet decomposition:
where L > 0 and P −L h, Q −j h, j = 1, . . . , L, represent the orthogonal projections of h to the spaces V −L , W −j , j = 1, . . . , L, respectively. Analogously to the scalar case, we can derive a fast algorithm which allows to compute all the projections by means of a recursive scheme. In fact we have that, if
where c
To compute the vector coefficient sequence c (j−1) ∈ r 2 (Z) connected to the representation of h in the space V j−1 , we make use of the refinement equation and get
In the same way, using (7), the wavelet vector coefficients sequence d (j−1) ∈ r 2 (Z) connected to the representation of h in the space W j−1 is obtained as
In summary, assuming = 0, that is V 0 as the initial space of our representation, the vector decomposition formula up to the level L > 0 reads as
Conversely, given the projections P j h and Q j h, the vector coefficient sequence c (j+1) connected to the representation of h in the space V j+1 = V j ⊕ W j is obtained by considering that
and, on the other hand,
n .
By invoking again the refinement equation on the right-hand side of the previous expression, we have that
A comparison between the two expressions (9) and (10) gives the vector reconstruction formula:
For similar matrix wavelet decomposition and recontruction schemes see [14] .
Multichannel wavelet construction
The equation
is the starting point of the procedure that we propose to construct the symbol B(z) of the multichannel wavelet. More in detail, the procedure derives the matrix Laurent polynomials B 0 (z) and B 1 (z), and thus B(z) = B 0 (z 2 ) + zB 1 (z 2 ). In the simple situation where A 0 (z) and A 1 (z) are diagonal symbols, the multichannel wavelet subsymbols B 0 (z) and B 1 (z) are constructed by the repeated application of a scalar procedure: for each couple (a 0 (z)) ii , (a 1 (z)) ii , i = 1, · · · , r, the two Laurent polynomials (b 0 (z)) ii , (b 1 (z)) ii solution of the Bezout identity are derived (see Lemma 1) .
In the general situation, the strategy is based on the existence of two matrix symbols D 0 (z), D 1 (z) such that the positive definite Hermitian matrix
as proved in the following proposition. 
satisfy the two last equations in (8) .
Proof. Since D(z) is positive definite with determinant equal to 1, its spectral factor K(z) exists and satisfies D(z) = K(z)K (z). Therefore, if we substitute
which is the second equation in (8) . Finally, since
by substituting (13) into it we end up with
which is the last equation in (8) .
For the proof of the existence of the Hermitian matrix G(z) we refer the reader to [11] . Its actual construction can be carried out as explained in the following subsections.
Some matrix completion results
We start by recalling a result about Bezout identities Theorem 4.
[10] For any pair of Laurent polynomials a 1 (z) a 2 (z) the Bezout identity
is satisfied by a pair b 1 (z) b 2 (z) of Laurent polynomials if and only if a 1 (z) and a 2 (z) have no common zeros. Moreover, given one particular pair of solutions b * 1 (z), b * 2 (z) the set of all solutions of (14) is of the form
where p(z) is any Laurent polynomial.
As to the common zeros of the subsymbols, the following result holds true.
Lemma 1. The subsymbols associated with the diagonal entries of an orthogonal symbol A(z), that is the subsymbols (a 0 (z)) ii , (a 1 (z)) ii , i = 1, · · · , r, have no common zeros.
Proof. The result follows from the first equation in (8) . In fact the existence of a common zero for (a 0 (z)) ii , (a 1 (z)) ii , i = 1, · · · , r contradicts
a relation satisfied by the diagonal symbols.
We continue with a "completion" result.
Theorem 5. Let a i (z), i = 1, . . . , n, Laurent polynomials with n ≥ 2 with no common zeros. Then there exists a n×n matrix Laurent polynomial P (z) whose first row is (a 1 (z), · · · , a n (z)) such that det P (z) = 1, z ∈ C \ {0}.
Proof. The proof is by induction. Let us start with n = 2. For the row vector (a 1 (z), a 2 (z)) we construct the matrix
, 2 being solutions of the Bezout identity (14) . Obviously, the matrix P (z) is such that det P (z) = 1, z ∈ C \ {0}. Next, assuming that the theorem is true for n − 1, we prove it for n. Thus, given (a 1 (z), · · · , a n (z)) we first constructP (z), detP (z) = 1, with the first row given by (a 1 (z), · · · , a n−1 (z)) then we construct the block matrix
This completes the proof.
With this result we are now able to describe a procedure for "completing" an m × n matrix Laurent polynomial with m ≥ n and rank A(z) = m, by constructing an n × n matrix Laurent polynomial P (z), whose first m rows agree with those of A(z), such that det P (z) = 1, z ∈ C \ {0}.
The existence of such polynomial has been formerly proved in [11] . We start by discussing how to write a procedure providing, for a given Laurent polynomial vector a n (z) of length n ≥ 2, a Laurent polynomial matrix P (z) having the first row given by a n (z) = (a 1 (z), · · · , a n (z)) and satisfying det P (z) = 1, z ∈ C \ {0}.
For
, a 2 (z)) be the procedure in Matlab-like notation providing the two Laurent polynomials b 1 (z), b 2 (z) solution of the Bezout identity.
Next, let [P n×n (z)]=Basic_completion(a n (z)) be the following (recursive) procedure that, taking the vector a(z) as input, produces the matrix P n×n (z) as output.
• [P n×n (z)]=Basic_completion(a n (z))
else (n > 2) use [P (n−1)×(n−1) (z)]=Basic_completion(a n−1 (z)).
Then with e n−1 := (0, · · · , 1) T ∈ R n−1 , define P n×n (z) := P (n−1)×(n−1) (z) a n (z) 0 1×(n−1) e n−1 .
We continue by describing the (recursive) procedure [P m×m ]=Completion(A n×m ). This procedure, for a given matrix Laurent polynomial A n×m (z) with m > n, constructs the Laurent polynomial matrix P (z) whose n first rows agree with those of A n×m and such that det P (z) = 1, z ∈ C \ {0}.
•
1. TakeĀ (n−1)×m (z) the sub-matrix of A n×m (z) made of its first (n − 1) rows ;
where r := m − n; 4. Construct the (r + 1)
With the help of the two previous recursive procedures, we are able to sketch the algorithm for constructing multichannel wavelets.
The MCW construction algorithm
1. From A(z) ∈ r×r 0 (Z) extract the sub-symbols A 0 (z) and A 1 (z); 2. If A 0 (z) and A 1 (z) are diagonal symbols construct B 0 (z) and B 1 (z) by the repeated application of the procedure
Then go to step 10;
3. Otherwise construct the r×2r block matrix
Compute the r × r positive definite matrix
for example using the algorithm described in [9] ; 9. Set E(z) = K −1 (z) and construct the r × r matrices
10. Construct the wavelet symbol
Two remarks are worth to be made:
• For a proof of the correctness of all steps we refer to [11, Section 6] . Nevertheless, since [11] deals with rank-1 matrix functions, the above construction has to be considered as an extention to the full rank case;
• The algorithm produces correct results even in case of diagonal subsymbols A 0 (z) and A 1 (z). Though, to end up with exactly diagonal subsymbols B 0 (z) and B 1 (z) we may need to multiply the result of the MCW algorithm by a suitable permutation matrix J .
Numerical Examples
The aim of this section is to consider two orthonormal full rank refinable matrix functions with r = 2 and r = 3, respectively and to use the MCW algorithm described in the subsection 5.2 to construct the corresponding multichannel wavelets. In particular, while for the case r = 2 the positive definite full rank symbol that we start with is the one considered in [2], the case r = 3 is here derived from scratch.
A two-channel example
Let C(z) be the symbol of the interpolatory full rank vector subdivision scheme first given in [2] The plot of the corresponding matrix scaling function is given in Fig. 1 Using the MCW Algorithm we find that the symbol B(z) of the corresponding orthonormal two-channel wavelet has the coefficients B k , k = −2, . . . , 7, given in Table 1 . The plot of the wavelet is represented in Fig. 2 . 
A three-channel example
We now construct a 3 × 3 positive definite parahermitian interpolatory symbol satisfying C(1) = 2I, C(z) + C(−z) = 2I. It means that, as in the previous example, the diagonal elements should be the symbols of interpolatory scalar schemes, with factor (z + 1) of order m 1 , m 2 , m 3 , respectively. The off-diagonals should certainly contain a (z 2 −1) factor and must satisfy c ij (z) = −c ij (−z) (see [4] ). We take on the diagonal the Deslaurier-Dubuc filters with m 1 = 2, m 2 = 4, m 3 = 2, that is:
Since (z + 1) 2 is a common factor, repeating the consideration done in [2], we require the following symbols on the off-diagonal The following parameter choice
gives positive definiteness. In this case, the canonical spectral factor A(z), symbol of the orthonormal refinable function F , has the coefficients given in Table 2 . The plot of the corresponding scaling function is represented in Fig. 3 .
The MCW algorithm applied to this symbol, gives the orthonormal wavelet whose symbol coefficients are given in Table 3 and whose plot is represented in Fig. 4 . 
Conclusions
This paper discusses a way to construct orthonormal multichannel wavelets from convergent full rank orthogonal symbols. As to our knowledge, the explicit algorithm for multichannel wavelet construction (the MCW construction algorithm) here derived, based on the strategy for rank-1 filters given in [11] , is the first algorithm proposed so far in the literature.
As already pointed out, multichannel wavelets provide an effective tool for the analysis of multichannel signals, that is vector-valued signals whose components come from different sources with possible intrinsic correlations, for example seismic waves, brain activity (EEG/MEG) data, financial time series, color images. Many multichannel signals exhibit a high correlation which can be revealed and exploited by a MCW analysis, with filters suitably tailored to the specific data and application. Future investigations include the construction of "data-adapted" MCW bases and their application in many problems where vector-valued signals have to be processed for compression, denoising, etc. 
